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Abstract. We propose an alternative scheme to generate W state via optical 
state truncation using quantum scissors. In particular, these states may be 
generated through three-mode optical state truncation in a Kerr nonlinear coupler. 
The more general three-qubit state may be also produced if the system is driven 
by external classical fields. 



Submitted to: J. Phys. B: At. Mol. Phys. -B/198863/PAP/31189 



A counterintuitive property of quantum mechanics well known as entanglement, 
plays an important role in many of the most interesting applications of quantum 
mechanics in the development of quantum computation and quantum information . 
It is also a main key of the debate in foundation issues and intepretation of quantum 
mechanics. Entanglement involving bipartite systems such as Bell states has been 
well understood [2] while entanglement of multipartite systems is still under intense 
research [H]. There are two different classes of genuine tripartite entanglement, the 
Greenberger-Horne-Zeilinger(GHZ) class and the W class 0] These two states 
can not be converted to each other by local operation and classical communication 
(LOCC) with nonzero success probability. The first one, Greenberger-Horne-Zeilinger 
(GHZ) state can be read as jH] 

\GHZ) = ±= (|000) + |111)), (1) 

while the W-state may be expressed by 0] 

|WO = -^(|001) + |010) + |100)). (2) 

The W state is not a maximal entangled state but it has the highest robustness against 
the loss of one qubit 0]. Fundamentally, differences between the violations of local 
realism exhibited by the GHZ and W states are illustrated by Cabello by considering a 
different set of Bell inequalities [7] . Several applications exploiting W states have been 
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proposed such as quantum teleportation 8 : and quantum secure communication 9 . 
Many papers also study the use of W state for the optimal universal cloning machine 

EDI 

With regard to the useful applications of the W entangled state, it follows that 
preparation and generation of the state are becoming increasingly important. Zeilinger 
et al. proposed a scheme using third order nonlinearity for path entangled photon . 
Cavity quantum electrodynamics can also be used to produce three entangled state 
Yamamoto et al. proposed an experimentally feasible scheme for preparing 
a polarization entangled W states ^2J- Preparation of the W state by using linear 
optical elements has been proposed by Xiang et al. |15|. Experimental observation of 
the three-photon polarization-entangled W state has been discussed by Eibl et al. 

In this paper, we propose a scheme for generation of three qubit entangled W-state 
by nonlinear optical state truncation. In addition, by applying an external classical 
field this scheme can also generate a more general three-qubit state. 

Optical state truncation using quantum scissors method was first proposed by 
Pegg et al. ^B] to truncate a single- mode coherent state of light, which is the quantum 
mechanical analog of a free classical single-mode electromagnetic field, involving a 
superposition of a vacuum state and single photon state. The states generated by 
optical state truncation are highly non-classical so that they are very useful for optical 
qubit generation. It has been also modified extensively to generate the superposition 
of a vacuum, one-photon and two-photon states by employing the projection principle 
|17| . Babichev et al. JHj using the non-local single-photon state as the Einstein- 
Podolsky-Rossen pair have done the initial experimental test for quantum scissors. 
The resulted states were examined by homodyne measurement technique and it was 
also confirmed that a quality of the truncation was found to be well above the classical 
limit. Another experimental test has also been performed by Resch et al. ^5]. I n 
earlier studies, the development and generalization of quantum scissors for optical 
state truncation are based on linear optical elements and restricted to single-mode 
optical truncation. Villas-Boas et al. [201 proposed quantum scissors by projection 
synthesis to get teleported state of a zero and one-photon running-wave states. A 
proposal for practical realization was also analyzed by using more realistic description 
for apparatus e.g. the detectors and single-photon source |2*T). 

Quantum state truncation can also be performed in nonlinear systems involving 
the Kerr media. Leohski and Tanas [22] proposed a scheme that can be considered 
as nonlinear quantum scissors in which a one-photon state can be obtained in a 
periodically kicked cavity by applying sequence of classical light pulses and filled with 
nonlinear Kerr media. A model of non-linear coupler excited by a single- mode coherent 
field and filled with Kerr media was investigated and properties of such system are 
much desired from the point of view of the physical properties of the nonlinear couplers 
[231 - There, the evolution of the system, starting from the vacuum state, leads to Bcll- 
like states generation. It does mean that the system produces maximally entangled 
states (MES) and has interesting results applicable to the development of quantum 
information theory. Here, we generalize the system proposed in [231 to three-mode 
optical state truncation in a Kerr nonlinear coupler to generate three-qubit entangled 
W-states. 

The system proposed here can be illustrated by constructing three nonlinear 
oscillators coupled to each other and each oscillator can be driven optionally by an 
external classical field with linear excitation and constant amplitude. We will see 
that the existence of external coupling generates all of the bases instead of only three 
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bases responsible for entangled W-states. This physical model can be implemented by 
developing the model proposed by Leohski and Miranowicz into three ring cavities 
filled with Kerr media as depicted in Figure 1. 




Figure 1. A proposed physical model of the system. 

Mathematically, the proposed system Hamiltonian, as a sum of nonlinear 
Hamiltonians for each oscillator Hi(i = a,b,c) and interaction Hamiltonian Hi n , can 
be written as 

H = ^a)a)aa + ^Wbb + ^c¥cc 
2 2 2 

+ ea)b + e*ab f + ea f c + e'ac) + ePc + e*Sc t . (3) 

Xi(i = cl, b, c) are Kerr nonlinearity constants related to higher order susceptibility 
of the nonlinear media, a, 6, and c are bosonic annihilation operators acting on mode 1, 
2 and 3 respectively while a', , and are corresponding bosonic creation operators, 
e is a parameter describing the strength of coupling between oscillators. We consider 
e as a real parameter for simplicity. It is necessary here to note that our model can 
be considered as an ideal model by neglecting damping processes. It then could be 
assumed that a very high Q cavity that can preserve the whole radiation field located 
inside practically is needed [23 [21 • Since experimental realisations of high Q cavities 
have been reported |25j . we can consider that our proposal is feasible to be realized. 

Evolution of the system, by neglecting the damping process, can be written in 
the Fock representation of a time-dependent wave function as 

n,m,/— oo n,m,l—oa 

1*0))= Cnmlln) ® \m) ® \l) = Y c nm i\n,m,l). (4) 

n,m,/— n,m,l— 

The amplitude, c nrn i, is a complex probability amplitude of finding the system 
discussed in the n-photon, m-photon, and ^-photon states for the mode a, b, and 
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c respectively. A set of the equations of motion for the amplitudes in the time domain 
can be obtained via Schrodinger equation involving the Hamiltonian and the wave 
function above. For convenience, we take h as unity. It follows that 

4t Cnml = Y Cnmin{n - 1} + f Cnmim{m + Y Cnmll{l 1} 



+ eCn-i, m +i,iVnVm + 1 + e* c n+ i, m -i,i\/n + ly/rn 

+ eCn^m-iJ + iy/mVl + 1 + (* C n , m+ i (J _i sfm + lvZ. (5) 

The coupling parameters assumed here is weak compared to nonlinearity constants so 
that the transition of the state evolved can be treated as a resonant case. It leads to 
a situation where dynamics of the system are in closed form and some subspaces of 
the state have a very small probability that can be neglected. For instance, taking 
n = 0, m = 0, 1 = to n = 2, m = 2, 1 = 2 in equation (3) one can see that the 
amplitudes of the state higher than 2 are oscillating rapidly. Analogous to rotating 
wave approximation (RWA), the influence of the probability amplitude for n, m, I > 2 
can be neglected. Hence, we get the truncated wave function as 

|*(*)>cut = cooolOOO) + cooi|001) + cqioIOIO) + c 011 |011) 

+ cioo|100) + cioi|101) + ciio|110) + c m |lll). (6) 

Amplitudes can be obtained by solving the coupled equations below and we assume 
the initial state is 1 001) . 

d n 
l ~dt C °°° = 

d 

*-77 c ooi = ecioo + ecoio, 
at 

d 

*37 c oio = ecioo + ecooi, 
at 

d 

*-77 c oii = ec ioi + ecno, 
dt 

d 

l 37 c ioo = ecoio + ecooi, 
at 

d 

*37 c ioi = econ + ecuo, 
dt 

d 

*37 c iio = econ + ecioi, 
dt 

ijfxix = 0. (7) 

Due to the symmetry of the system, we can reduce the coupled equations J7J above 
and get analytical solutions for the amplitudes simply as: 

cooi = - [2exp(iet) + exp(-2ie£)] , 

coio = cioo = g [- exp(iet) + exp(-2iei)] , 

cooo = con = cno = cioi = c m = 0. (8) 
With these, we can express © as 

\V w (t)) = \ [2exp(iet) + exp(-2zei)] |001) 
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+ - [- exp(iet) + exp(-2»et)] (|010) + |100>) . (9) 
o 

To check whether it is reasonable to truncate the wave function we need to 
perform calculations for the full actual generated wave function. Following the 
method discussed in 26 for single-mode optical state truncation and extended in 

for the two-mode case, the calculations for the actual generated wave function 
can be performed by constructing firstly the unitary evolution operator U of the total 
Hamiltonian: 

u = e - l6t . (10) 

Applying the operator U to the assumed initial state, the generated wave function can 
be obtained from the relation 

n,m, /=oo 

|*nmi(t)) fl en = £ Cnml\n,m,l) = U\Q00). (11) 
n,m,/=0 

It is necessary to mention here that the calculation will have better results if we 
perform it in larger dimensional Fock bases for each subspace associated with every 
mode of the field. 




Figure 2. Probabilities of the states |001}(broken line) and |100)(solid line). 
Xi[i = a,b,c) = 30 and e = it/ 30. The actual generated results are presented by 
cross marks. 

The actual generated state in this letter is calculated in eight dimensional Fock 
basis to generate 512 states in \^ nm i{t))gen, i-e. 

n,m,/— 7 

\^nml(t))gen = 2j C nm i\n,m,l) 
n,m,Z— 

= c 000 |000) + cooilOOl) + ... + c 777 |777). (12) 



Figure [21 shows exact agreement of the time evolution of probabilities of the three 
states involved between truncated and actual generated ones. We can see here that 
W states are produced by the system at time t n — ^ {n — ^ + |(— 1)" for 

n = 1, 2, 3.... Since the system is undriven by any external field the actual generated 
state with bases |n, m, I) > 2 are exactly unpopulated. As mention above, this scheme 
can also generate the more general three-qubit state if the system is coupled to external 
classical fields. This can be done by inserting the term 

n ex t - n ext + H ext + tl ext 

= aa t + a*a + / 36 t +/5*6 + 7 c t +7*c (13) 

in the Hamiltonian (3). After some straightforward calculations we give below the 
analytical results for complex amplitudes corresponding to three identical and real 
external pumpings such that a — (3 = 7 = e with an assumed initial condition 
\c 000 {t = 0)| 2 = 1. 

cooo = e~ 2iet ( ^yi sin V7et 




— (i cos 2et sin V7 et + sin 2et sin \fl et] — ^-i sin V3et , 
14 V / 6 



cooi 

COlO = c 100 = Cooi, 

V3. . r- 

con = cioi = C110 = cooi + — ismV3ei, 

cm = cooo - cos V3et. (14) 

In conclusion, it is proposed that a three mode nonlinear coupler may generate 
the W state as well as the more general three-qubit state via optical state truncation. 
It is interesting to note that giant Kerr nonlinearities have been theoretically predicted 
|2*7) and first experimentally measured to be « 10 6 greater than those in the 
conventional optical materials |28j . This in turn supports the feasibility of our scheme 
experimentally. The present set-up may be a source of generation of entangled optical 
qubits from classical light, which is a remarkably simple quantum information problem. 
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